Abstract. We study three Möbius invariant metrics, and three affine invariant analogs, all of which are bilipschitz equivalent to the Poincaré hyperbolic metric. We exhibit numerous illustrative examples.
Introduction
Precise definitions are provided in Section 2, but we mention a few items here. Everywhere below C denotes a generic absolute constant. See §2.C where we describe the constants Except for a short list of special cases, the actual calculation of any given hyperbolic metric is notoriously difficult. Indeed, one can find a number of papers analyzing the behavior of the hyperbolic metric in a thrice punctured sphere. Typically one is left with estimates obtained by using domain monotonicity and considering 'nice' sub-domains and super-domains in which one can calculate the metric.
It is especially desirable to have both upper and lower estimates for the hyperbolic metric. In general, finding lower estimates for the hyperbolic metric seems to be the more diffcult endeavor. As is well known, the hyperbolic and quasihyperbolic metrics are 2-bilipschitz equivalent for simply connected plane hyperbolic regions; this fact is not true, e.g., for any domain with an isolated boundary point (such as the punctured unit disk), but does hold in general precisely when ∂Ω is uniformly perfect (cf. [BP78] , [Pom79] , and [Pom84] ). Beardon and Pommerenke corroborated this latter assertion as an application of their elegant result [BP78,  Theorem 1] which says:
For any hyperbolic region Ω in C and for all z ∈ Ω,
. Theorem A. For any hyperbolic region Ω inĈ and for all z ∈ Ω,
ϕ(z) γ(z) .
In this article we examine the three conformal metrics α(z)|dz|, ε(z)|dz|, κ(z)|dz| each of which is Möbius invariant and bilipschitz equivalent to the hyperbolic metric, with explicit absolute bilipschitz constants which are independent of the region Ω.
When Ω is a plane region (i.e., Ω ⊂ C) there are affine analogsα(z)|dz|,ε(z)|dz|, κ(z)|dz| which are affine invariant and are also bilipschitz equivalent to λ(z)|dz|.
This document is organized as follows: Section 2 contains preliminary information including definitions and terminology as well as elementary or well-known facts. In Section 3 we verify Möbius invariance and establish basic properties of the metrics and we study the geometry underlying γ. We exhibit numerous examples in Section 4, several of which illustrate the difficulty of determining the Gardiner-Lakic metrics. We conclude with Section 5 where we corroborate the results stated above. In fact, all of the inequalities displayed above in Theorem A and Corollaries B, C, D, as well as the Gardiner-Lakic and Sugawa-Vuorinen inequalities, are part of a more general framework involving all seven of these metrics; see Theorem 5.1 and §5.B. In fact, these six metrics are also quasiinvariant with respect to holomorphic covering projections as revealed in Proposition 5.5.
Preliminaries

2.A. General information.
Our notation is relatively standard. We work in the complex plane C; stated results are valid for the Riemann sphereĈ = C ∪ {∞} in terms of local coordinates as the reader may verify. Everywhere Ω is a domain (i.e., an open connected set) and Ω c , ∂Ω denote the complement, boundary (respectively) of Ω with respect toĈ. The Euclidean line segment joining points a, b ∈ C is [a, b], and (a, b) = [a, b] \ {a, b}. The Euclidean disk centered at the point a ∈ C of radius r is denoted by D(a; r) and D := D(0; 1) is the unit disk. We also let H denote the upper half-plane, H := { (z) > 0}, and we define
the latter definitions are for distinct points a, b in C or a, b, c inĈ.
is the Euclidean distance from z ∈ C to the boundary of Ω, and 1/δ is the density for the so-called quasihyperbolic metric |dz|/δ(z) when Ω ⊂ C; see §2.C. We make frequent use of the notation
for the maximal Euclidean disk in Ω centered at z.
As our notation suggests, we do not include Ω whenever the region is clear from context. Often, if there are two regions in consideration, say Ω and Ω , we will use a prime ( ) to indicate quantites associated with Ω . For example, δ (z) = δ Ω (z).
Recall that the circles C onĈ, which have the property that two given points a, b ∈Ĉ are symmetric with respect to C, are called the circles of Apollonius with limit points a, b; see [Ahl79, p. 85] . Of course, when one of a or b is the point at infinity, we obtain a family of concentric circles. However, when both a, b ∈ C, these circles are given by the equations |z − a| = t|z − b| with t > 0; for t = 1 we obtain the perpendicular bisector of [a, b] (together with the point at infinity) and for t > 1 (0 < t < 1 respectively) the circle encloses b (a respectively). For distinct points z, a, b ∈Ĉ, we let C(z; a, b) denote the Apollonian circle through z with limit points a, b (see Figure 1 ). Thus when a, b ∈ C,
Notice that for any t > 0,
is a Möbius annulus (i.e., the Möbius image of a round Euclidean annulus) which is symmetric with respect to C(z; a, b) (see Figure 2) . Moreover, the conformal modulus of A(z; a, b, t) is mod A(z; a, b, t) = 2t.
2.B. Conformal metrics.
Recall that a conformal metric on a region Ω ⊂ C has the form ρ(z)|dz| where ρ is some positive Borel function defined on Ω (with the property that the line element ρ(z)|dz| integrates to an honest distance function); we call such a ρ a metric-density. When Ω contains the point at infinity, we must use local coordinates and remember that we are dealing with a metric. Here we consider several such metrics. When we have two conformal metrics, say ρ(z)|dz| and σ(z)|dz|, defined on some Ω, their ratio ρ(z)|dz|/σ(z)|dz| is a well-defined positive function on Ω. We write ρ ≤ C σ to indicate that this metric ratio is bounded above by C.
We remind the reader that whenever f : Ω → Ω is a (locally univalent) holomorphic map, every conformal metric σ(w)|dw| on Ω determines the so-called pullback metric on Ω given by
Sometimes we abuse notation and abbreviate this by
2.C. Hyperbolic, quasihyperbolic and Ferrand metrics. When Ω ⊂Ĉ has at least three boundary points, usually dubbed a hyperbolic domain, there exists a unique metric λ(z)|dz| = λ Ω (z)|dz| on Ω which enjoys the property that its pullback p * [λ(z)|dz|], with respect to any holomorphic universal covering projection
In terms of such a covering p, the metric-density λ = λ Ω of the Poincaré hyperbolic metric λ Ω (z)|dz| can be determined from
of course this is only valid at points z = p(ζ) ∈ Ω ∩ C. Yet another description is that λ(z)|dz| is the maximal constant curvature −1 metric on Ω.
Here is a perhaps surprising extension of Schwarz' Lemma. A proof can be modeled on the argument for [Min82, Theorem 1].
Fact 2.1. Let Ω, Ω be hyperbolic regions. Assume f is holomorphic in some neighborhood of a ∈ Ω and takes values in Ω . Suppose that for all z near a, f
with equality holding at z = a. Then f extends to a holomorphic covering projection f : Ω → Ω ; in particular, f
We write λ abc (z)|dz| for the hyperbolic metric in the thrice punctured spherê C abc , and λ ab (z)|dz| is an abbreviation for λ ab∞ (z)|dz|, the hyperbolic metric in C ab . The 'standard' thrice punctured sphere is C 01 and its hyperbolic metric has been extensively studied by numerous researchers including [Hem79] , [Min87] , [SV01] , and [SV05] . Here we only mention the following information (which we require in the sequel). 
As seen from Fact 2.2(b), the constant k is connected with sharp bounds in Landau's theorem. In fact, both of the constants k and h arise as special values of the hyperbolic metric-density λ 01 (z). Indeed,
, where τ = e πi/3 = (1 + i √ 3)/2 . The decimal expressions are easily calculated using Mathematica (which also has the builtin ModularLambda function permitting a direct calculation of these values:-).
Our intuition tells us that if we 'move' points of the boundary closer, then the hyperbolic metric gets bigger. The following result clarifies this in the special case of punctured spheres. As alluded to above, for proper subdomains Ω C, the so-called quasihyperbolic metric is given by |dz|/δ(z). This metric has proven useful in many areas of geometric analysis. The quasihyperbolic metric in the punctured plane C * is simply |dz|/|z|, which classically was called the logarithmic metric. Employing an auxiliary Möbius transformation, we define a Möbius invariant analog of this metric in the regionĈ ab by
with the standard interpretation if one of a or b is the point at infinity (in which case τ ab reduces to the quasihyperbolic metric on the appropriate punctured plane).
That τ ab (z)|dz| is Möbius invariant follows by a direct calculation. Alternatively, one can obtain this by realizing that
The density for the Ferrand metric ϕ Ω (z)|dz|, introduced in [Fer88] , is given for 
where the infimum is restricted to the nearest boundary points a ∈ ∂Ω ∩ ∂D(z) for z (i.e., δ(z) = |z − a|); here Ω is assumed to be a plane domain. Clearly β is affine invariant: the change of variables w = az + b maps Ω to another plane domain Ω and we easily see that β (w) = β(z). For hyperbolic plane regions Ω we define the
It is evident thatα(z)|dz| is invariant under similarities of C.
The definition of β can be motivated by examining the standard lower bound for the hyperbolic metric on a twice punctured plane; see Fact 2.2(b) and also §3.B. Beardon and Pommerenke [BP78, Theorem 1] established the inequalities
.
These inequalities, in conjunction with the classical estimate λ ≤ 2/δ, immediately yield
To obtain a Möbius invariant analog of β which is valid for regions inĈ, we introduce
where the infimum is restricted to those points a, b ∈ Ω c which satisfy ϕ(z) = τ ab (z). The related quantityγ(z), defined for plane domains and obtained by fixing b as the point at infinity, is of courseγ = β.
As in the Introduction, we now have metrics α(z)|dz| andα(z)|dz|, for regions inĈ and C respectively, defined for z ∈ Ω ∩ C via
We readily find that these are Möbius and affine invariant respectively (as metrics). Next, the Gardiner-Lakic metric κ(z)|dz| = κ Ω (z)|dz| is defined for every hyperbolic region Ω inĈ by
where z ∈ Ω ∩ C. They also studied the related metrics obtained by taking a to be the point at infinity (for a plane region) or by taking a to be a boundary point nearest to z. For hyperbolic plane domains, the metricκ(z)|dz| =κ Ω (z)|dz| is obtained by fixing one of the points in the above supremum to be the point at infinity. Thus, for z ∈ Ω ⊂ C we let
For the record, we also defineε(z)|dz| =ε Ω (z)|dz| for hyperbolic plane regions Ω viaε
here z ∈ Ω ⊂ C, and a, c ∈ Ω c ∩ C are distinct.
Basic properties
That each of the metrics α(z)|dz|, ε(z)|dz|, κ(z)|dz| enjoys the domain monotonicity property that larger domains have smaller metrics is a straightforward consequence of their definitions. In this section we discuss invariance properties of these metrics, describe a geometric interpretation for γ (and β), and establish some elementary properties concerning the location of extremal punctures as well as continuity (or lack thereof) for the metrics. Suppose T is a Möbius transformation and Ω = T (Ω). We want to show that
Note that a, b, c ∈ Ω c if and only if their images
Applying the same argument to T −1 yields
from which we deduce the opposite inequality
Similarly, one can show that all three metrics are invariant under reflection in a circle or line. More generally, they are invariant under any conjugate Möbius transformation.
3.B. The geometry of γ andγ. Throughout this subsection Ω is a fixed hyperbolic region inĈ or in C as indicated by context. We present a geometric interpretation for the quantities γ(z) andγ(z). This in turn yields an algorithm for computing α(z) andα(z). Similar ideas apply for the metric-densities ε(z) and ε(z).
We start by defining quantities γ(z; a, b), andγ(z; a), for distinct points a, b ∈ Ω c , and a ∈ Ω c ∩ C respectively, as follows:
where the infima are restricted to those points a, b ∈ Ω c which satisfy ϕ(z) = τ ab (z) and δ(z) = |z − a| respectively.
We note that for distinct a, b ∈ Ω c and z ∈ Ω, there always exists a point c ∈ Ω c \{a, b} with γ(z; a, b) = | log |z, a, b, c||. Indeed, from any sequence (c n )
, we may extract a convergent subsequence and so assume that c n → c ∈ Ω c . Since γ(z; a, b) < ∞, we have c ∈ Ω c \{a, b} as desired.
In our analysis of the metrics ε(z)|dz| andε(z)|dz|, we tacitly use the fact that these can be calculated via
Note that in the definitions of ε andε, there is no restriction on the points a, b, c ∈ Ω c . We discuss γ(z; a, b), but similar comments, appropriately modified, apply tõ γ(z; a). 
Of course 2γ = mod(A) is the conformal modulus of A. We claim that A is the maximal Möbius annulus which is contained in Ω and is symmetric with respect to C. This is because on the one hand, the extremal point c lies on ∂A, so ∂A∩∂Ω = ∅. Thus, 2γ(z; a, b) is the conformal modulus of the maximal Möbius annulus that is contained in Ω and symmetric with respect to C(z; a, b). It follows that γ(z) is the minimum of these numbers, where we only consider points a, b ∈ ∂Ω with τ ab (z) = ϕ(z). We now see how to calculate the metric density α(z) (and likewisẽ α(z)): For each pair of boundary points a, b with ϕ(z) = τ ab (z), we determine the largest Möbius annulus in Ω which is symmetric about C(z; a, b) (so γ(z; a, b) is half its conformal modulus); then γ(z) is the smallest of these maximal moduli.
There is one final point to emphasize here. The quantity γ(z; a, b) (and likewisẽ γ(z; a) = γ(z; a, ∞)) is continuous in each of the parameters z ∈ Ω and a, b ∈ Ω c (i.e., as functions of
On the other hand, neither γ(z) norγ(z) = β(z) are continuous! Indeed, for the punctured unit disk D * we havẽ γ(z) = | log |z|| for 0 < |z| < 1/2 whereasγ(z) = 0 for 1/2 ≤ |z| < 1.
We conclude this subsection with two examples showing first that γ need not be continuous and second that γ ≤γ need not hold.
For an example with γ not continuous, let Ω = C \ ({iy : |y| ≥ 1} ∪ {−3/4, 3/2}). It is easy to check that γ(0) = 0. Next, we examine γ(z) for z = x < 0 with z near 0. It is not difficult to check that for such z, ϕ(z) = max 9/4 |z − 3/2||z + 3/4| , 
3.C. Extremal punctures. The metric-densities α,α, ε,ε, κ,κ are all defined as certain extreme values taken over points varying in Ω c . Because Ω c is a closed subset of the compact spaceĈ, it is easy to see that there always exist extremal points. This is clear for the metrics α(z)|dz| andα(z)|dz|, and not difficult to corroborate for the other metrics as well.
Here we investigate the question as to whether or not these extremal points lie on ∂Ω. We saw in §3.B that γ(z; a, b) andγ(z; a) can always be calculated by looking at boundary points (although when one of these is zero, there may also be extremal points inĈ \Ω). The actual definitions of α andα require that we look only at special boundary points. Thus it remains to consider ε,ε, κ, andκ. Proof. Fix z ∈ Ω. By Möbius invariance, we may assume z ∈ C. We begin by confirming that there are points a, b, c ∈ Ω c such that ε(z) = |a − b|/ [|z−a||z−b| (k+| log |z, a, b, c||) ]. Select a n , b n ∈ Ω c with τ a n b n (z)/[k+γ(z; a n , b n )] → ε(z). Extracting convergent subsequencs permits us to assume that (a n ) and (b n ) converge to points a, b ∈ Ω c . Since ε(z) > 0, lim n→∞ τ a n b n (z) > 0, and therefore a = b. Now we choose c ∈ Ω c \ {a, b} with γ(z; a, b) = | log |z, a, b, c||. This yields
Now we verify that the extremal points must be boundary points. Let a, b, c ∈ Ω c . Suppose a ∈ ∂Ω. We find a nearby point d ∈ Ω c which provides a better (i.e., larger) potential value for ε(z). Using Möbius invariance, we may assume that b is the point at infinity. Then z ∈ C and there is some
Let C = C(a; z, c) be the Apollonian circle through a with limit points z, c. To simplify calculations, we now make an affine change of variables letting us assume that z = 0 and c = 1. Since k > 2, an easy calculus exercise reveals that f (x) = x[k + log(x −1 − 1)] is strictly increasing for 0 < x ≤ 1/2. In particular, we can find d ∈ (0, a) ∩ D with f (d) < f(a) . Again, a cannot be an extremal point for ε(z).
Thus the only way a, b ∈ Ω c can be extremal points for ε(z) is if a, b ∈ ∂Ω. The assertions regarding c follow from the remarks near the end of §3.B.
Notice that the above proof also applies to the metricε(z)|dz|:
have this property, then a ∈ ∂Ω (but c is not necessarily a boundary point).
Sugawa and Vuorinen confirmed that the extremal points forκ(z)|dz| must be boundary points; see [SV05, p. 892] . Similar reasoning provides the last assertion in the following; for the reader's convenience, we indicate a proof. Proof. We first show that for each z ∈ Ω there exist a, b, c ∈ Ω c with κ(z) = λ abc (z). We need a result noted by Heins [Hei62] . Let K = {σ α (z)|dz| : α ∈ A} denote the family of all conformal metrics with constant curvature −1 on Ω. Then K is a normal family in the sense that any sequence (σ n (z)|dz|) ∞ n=1 in K contains a subsequence that converges locally uniformly in Ω to a metric σ(z)|dz| and either σ ≡ 0 or else
Because Ω c is compact, we may assume that a n → a, b n → b and c n → c. Also, since K is a normal family, we may assume that (λ a n b n c n (z)) ∞ n=1 converges locally uniformly in Ω. Since κ(z 0 ) > 0, the limit metric belongs to K. This implies that the points a, b and c are distinct and the limit is λ abc (z). Consequently, κ(z 0 ) = λ abc (z 0 ).
Alternatively, we could use the fact that if f abc : D →Ĉ abc is the covering of D ontoĈ abc with f (0) = z 0 and f (0) > 0, then F = {f abc : a, b, c ∈ Ω c } is a normal family. Also, if a n → a, b n → b and c n → c, then (f a n b n c n ) converges to f abc if the three points a, b, c are distinct; otherwise it converges locally uniformly to z 0 (cf. [Hej74] ).
It remains to confirm that extremal points must be boundary points. Fix z ∈ Ω and let a, b, c ∈ Ω c . Suppose a ∈ ∂Ω. We find a nearby point d ∈ Ω c which provides a better (i.e., larger) potential value for κ(z). Using Möbius invariance and symmetry, we may assume that z, a, b, c are 0, re iθ , 1, ∞ respectively with θ ∈ [0, π]. First, suppose θ = π; so a = −r. Select s ∈ (0, r) so that d = −s ∈ Ω c . The monotonicity property Fact 2.4(a) tells us that
3.D. Analytic properties. At the end of §3.B we discussed the lack of continuity of γ andγ. It follows that, in general, the metrics α(z)|dz| andα(z)|dz| are not continuous. However, the other four metrics are continuous. First we confirm this for ε(z)|dz| andε(z)|dz|. Let (z n ) ∞ n=1 be any sequence in Ω ∩ C converging to z 0 . Choose distinct a n , b n ∈ ∂Ω with ε(z n ) = τ a n b n (z n )/[k + γ(z n ; a n , b n )]. Assume that a n → a 0 and b n → b 0 . Then a 0 = b 0 , for otherwise we would get τ a n b n (z n ) → 0 which would give ε(z n ) → 0 contradicting lim inf n→∞ ε(z n ) ≥ ε(z 0 ) > 0. Now, since τ ab (z) and γ(z; a, b) are continuous in each of z, a, b, we see that
The above calculations confirm that lim sup z→z 0 ε(z) ≤ ε(z 0 ) as desired.
In addition to being continuous, we can also provide curvature estimates for the metrics κ(z)|dz| andκ(z)|dz|. Following Ahlfors [Ahl73, p. 13], a metric ρ(z)|dz| is said to be ultrahyperbolic in Ω provided ρ : Ω → [0, +∞) is upper semicontinuous and at each point a ∈ Ω with ρ(a) > 0, there exists a "supporting metric" σ(z)|dz| which is defined and of class C 2 in a neighborhood U of a, has Gaussian curvature at most −1, and satisfies ρ ≥ σ in U with equality holding at the point a. An easy comparison lemma for Gaussian curvature (cf. [HIM08, Lemma 2.12]) reveals that any ultrahyperbolic metric has generalized curvatures at most −1.
Proposition 3.4. Let Ω ⊂Ĉ be a hyperbolic region. Then κ(z)|dz| is a continuous ultrahyperbolic metric on Ω.
Proof. We first verify that κ is a continuous function on Ω. Fix z 0 ∈ Ω. We start by showing that
This establishes lower semicontinuity. Now we prove upper semicontinuity. Let (z n ) ∞ n=1 be a sequence of points in Ω converging to z 0 with κ(z n ) → lim sup z→z 0 κ(z). For each n ∈ N, choose a n , b n c n ∈ Ω c with κ(z n ) = λ a n b n c n (z n ). We may assume that a n , b n , and c n converge to points a, b, c ∈ Ω c . A standard result (see [Hej74] or [Hei62] ) asserts that λ a n b n c n (z) → λ abc (z) locally uniformly in Ω provided a, b, and c are all distinct. If they were not distinct, then the local uniform limit would be identically 0, but the limit is positive because lim inf z→z 0 κ(z 0 ) ≥ κ(z 0 ) > 0, so a, b, and c must be distinct. Since z n → z 0 , we deduce that λ a n b n c n (z n ) → λ abc (z 0 ). Thus, lim
As a, b, c ∈ Ω c , we now obtain
which establishes continuity at z 0 .
Next, we demonstrate that κ(z)|dz| has a supporting metric at each point of Ω. Fix z 0 ∈ Ω. Select distinct a, b, c ∈ Ω c with κ(z 0 ) = λ abc (z 0 ). Then for all z ∈ Ω, λ abc (z) ≤ κ(z) with equality at z 0 . Since λ abc (z)|dz| has constant curvature −1, it is a supporting metric for κ(z)|dz| at z 0 . Thus κ(z)|dz| is ultrahyperbolic and has generalized curvature at most −1.
Examples
Here we mention a few special examples where one can actually calculate the hyperbolic, Ferrand, Gardiner-Lakic, Beardon-Pommerenke, and other related metrics. The reader should note that we also obtain information about all Möbius images of these special regions.
It is easy to see that in any simply connected region, γ ≡ 0, and thus
(In fact, by Lemma 5.3 we see that the above equalities hold at a given point z precisely when γ(z) = 0 or β(z) = 0.) In particular, this means that for simply connected regions we are only interested in calculating κ andκ. Also, the above, in conjunction with the 'classical' inequalities λ ≤ ϕ ≤ 2/δ together with the basic inequalities from Theorem 5.1, yields
On the other hand, the classical inequalities 1 2δ ≤ ϕ 2 ≤ λ ≤ ϕ ≤ 2 δ are easily seen to provide better lower estimates for λ (because k ≥ 4). Thus the approximations λ κ ε α are really only of interest for non-simply connected regions.
Nonetheless, it is worthwhile to explicitly calculate the metric-densities κ and κ not only to obtain estimates for the best possible bilipschitz constants, but also to produce good estimates for the hyperbolic metric. As a simple example, if z ∈ ∆ ⊂ Ω and we can produce a, b, c ∈ ∂∆ ∩ ∂Ω with κ ∆ (z) = λ abc (z), then we easily obtain κ Ω (z) = λ abc (z). Below we provide versions of this for the case when ∆ is a disk.
4.A. Disks onĈ.
In every disk the Ferrand and hyperbolic metrics agree, so
What about κ(z)|dz|?
There is an obvious conjecture as to what the extremal points must be for the center of the unit disk. We confirm this below; see Corollary 4.4.
Lemma 4.1. Suppose we have a collection of Möbius invariant conformal metrics ρ ∆ (z)|dz| defined for disks ∆ ⊂Ĉ. Then there is a universal constant C such that for all disks
Proof. Fix a disk ∆ inĈ and a point a ∈ ∆. Let T : ∆ → D be a Möbius transformation with T (a) = 0. Then Möbius invariance means that
Evaluating at z = a produces
Since a ∈ ∆ was arbitrary, ρ ∆ (z)|dz| = C λ ∆ (z)|dz|, where
An immediate corollary of the above is that for any disk inĈ,
We remark that the choices of the origin and the unit disk here and in the above lemma can be replaced, e.g., by any readily available point in any disk. In order to calculate κ D (0), which then gives κ(z)|dz| in any disk, it is fruitful to look first at the upper half plane. 
Proof. It is convenient to consider the reciprocal function u(z) = λ 01 (z)/λ H (z) = y λ 01 (z), where z = x + iy. We first show that u has limit 0 at each point of ∂H in C; this ensures that u attains a maximum value inside H. It is elementary that u(z) → 0 at each point z of R \ {0, 1}, since λ H (z) = 1/y → ∞ at each point of this set. Next, u(z) has limit 0 as z → 0; this holds since
The function u is invariant under z → 1 −z (reflection across (z) = 1/2), so we also have u(z) → 0 as z → 1. In addition, u is invariant under z → 1/z (reflection over the unit circle), so u(z) → 0 also as z → ∞. Because the positive function u(z) = yλ 01 (z) has vanishing boundary values, it must attain its maximum value at an interior point of the upper half-plane. Each point in H where u attains its maximum value is a critical point. We show that u has no critical points off the unit circle. Appealing to Fact 2.2(d) we find that for z = re iθ with 0 < r < 1,
This verifies that u has no critical points in D ∩ H. Since rλ 01 (re iθ ) is strictly decreasing on (1, ∞) (see Fact 2.2(d)), u also has no critical points in H \D. Thus all critical points of u must lie on the unit circle.
It now follows that the maximum value of u must occur on {z : |z| = 1} ∩ H. Because u is invariant under z → 1 −z, we also find that the maximum value of u can occur only on the circle {z : |z − 1| = 1} ∩ H. The unique point belonging to both of these semicircles is τ . Therefore, u attains its maximum value uniquely at τ = e πi/3 .
Theorem 4.3. For any disk or half-plane, κ(z)|dz|
Proof. Thanks to Lemma 4.1, it suffices to establish this for the the upper half-plane H. Since the quotient κ H /λ H is invariant under all Möbius automorphisms of H, we need only evaluate this quotient at the point τ . Suppose −∞ < a < b < c ≤ ∞. Let T be the unique Möbius automorphism of H that satisfies T (a) = 0, T (b) = 1 and T (c) = ∞. The preceding theorem gives
with equality if and only if T fixes τ .
Earlier we mentioned an obvious conjecture for the κ extremal points for a disk. To see that we have corroborated this, we mention the unit disk analog of the above.
Corollary 4.4. For the unit disk D,
We remark that Betsakos [Bet08, Theorem 1(b)] has recently proven this result via a different approach. We also note that Solynin established the stronger result [Sol99b, Theorem 4] that sup ζ 1 ,...,ζ n ∈D c λ ζ 1 ,...,ζ n (0) is attained precisely when {ζ 1 , . . . , ζ n } is a rotation of {1, ω, . . . , ω n−1 } where ω = e 2πi/n . Solynin's proof makes extensive use of his polarization theory.
It is worthwhile to see how the above permits us to write down κ for the upper half-plane. If we take the point at infinity as one of the extremal punctures, then we find that
Of course we can rotate these extremal points and so we also have, e.g.,
4.B. Slit plane. The correspondence z = ζ 2 provides a conformal map from the right half-plane onto the slit plane C \ (−∞, 0] from which we easily compute
We can use [HIM08, Proposition 4.4] to compute the Ferrand metric. Here we determine the Gardiner-Lakic metrics.
Example 4.5. For the slit plane C \ [0, ∞),
where in the latter case a, b ∈ [0, ∞) with |z − a| = |a − b| = |z − b|. Proof. It suffices to prove the formula for κ. By dilation invariance and symmetry, it is enough to examine points ζ = e iθ with θ ∈ (0, π]. When θ ≤ π/3, we can find a, b ∈ [0, ∞) with |ζ − a| = |a − b| = |ζ − b|. Then λ ab (ζ) is the extremal value for the upper half-plane, and since this is a subdomain of C \ [0, ∞) it also gives κ(ζ). Thus we are left to deal with the case π/3 < θ ≤ π (see Figure 3) .
Let 0 ≤ a < b < c ≤ ∞. We must demonstrate that λ abc (ζ) ≤ λ 01 (ζ). In fact, we need only produce some d ∈ (0, ∞) so that λ abc (ζ) ≤ λ 0d (ζ). This is because
the inequality above follows from Fact 2.2(d).
When ζ lies in the closed left half-plane, we can reflect a across the line x = a/2 and then reflect c across the circle |z − c| = c, and then appeal to Lemma 2.3 to deduce that λ abc (ζ) ≤ λ 0bc (ζ) ≤ λ 0b (ζ) as desired. Thus it remains to consider the case when π/3 < θ < π/2.
First we confirm that we can either 'move' c to ∞ or 'move' a to 0 and obtain a value at least λ abc (ζ). Suppose c ≤ 1. Then each of a, b, and c lies in, while ζ lies outside, the closed disk |z − c| ≤ c, so we can reflect c across the circle |z − c| = c and use Lemma 2.3 to obtain
Similarly, if a ≥ 1, then a/2 ≥ 1/2 ≥ (ζ) so we can reflect a across the line x = a/2 and use Lemma 2.3 in conjunction with invariance under z → 1/z (cf. Fact 2.2(a)) to conclude that
Next, we assume that a < 1 < c and verify that the above remains valid. It is convenient to look at the "ω 2 1ω-picture" rather than the "01∞-picture"; here ω = e 2πi/3 (see Figure 4) . By this we mean to considerĈ \ {e it : |t| ≤ 2π/3} instead of C \ [0, ∞). Here the points a < b < c correspond to a = e iα , b = e iβ , c = e iγ with −2π/3 ≤ α < β < γ ≤ 2π/3, and ζ corresponds to ζ ∈ ( √ 3 − 2, 0). The hypotheses a < 1 < c gives α < 0 < γ. In fact, if necessary we can reflect c across 
On the other hand, if |α| ≥ γ, a similar argument yields 
4.C. Infinite strip. For the infinite strip {x + iy : |y| < π/2}, λ(x + iy) = sec(y) and
A conformal map from the right half-plane is given by z = Log(ζ) (the principal branch of the logarithm). Since the strip is simply connected,
It is straightforward to calculateκ. For notational convenience, we first make an affine change of variables.
Example 4.6. For the infinite strip Σ := {x + iy : 0 < y < 1},
where t is the unique number in (0, 1/2) satisfying t λ 01 (t) = 1/h.
Proof. By translation invariance and symmetry, it suffices to consider points iy with y ∈ (0, 1/2]. Thus we seek to determineκ(iy) = max a,b∈∂Σ λ ab (iy). Our first goal is to confirm thatκ (iy) = max{λ 01 (y), 1/(hy)} .
If both a, b were on the line (z) = 1, then we could reflect both points across (z) = 1/2 and appeal to Lemma 2.3 to obtain a larger value; so (a) = 1 = (b) does not yield an extremal configuration. When both (a) = 0 = (b), the extremal configuration is the same as for the upper half-plane; that is,
Suppose a, b lie on opposite edges of Σ. We show below that here the extremal configuration arises precisely when {a, b} = {0, i}; that is, λ ab (iy) = λ 0i (iy) = λ 01 (y) .
Assuming the above, we have now verified thatκ(iy) = max{λ 01 (y), 1/(hy)}. We note that λ 01 (1/2) = 4/k > 2/h which tells us that the extremal punctures for the point i/2 are indeed 0, i. Now we examine what happens as y 0. Recall that xλ 01 (x) is strictly increasing for x ∈ (0, 1); see Fact 2.2(d). As D * ⊂ C 01 , xλ 01 (x) ≤ xλ D * (x) = 1/| log x| → 0 as x → 0. It follows that there is a unique t ∈ (0, 1/2) satisfying t λ 01 (t) = 1/h. Then for 0 < x < t (or t < x ≤ 1/2) we have λ 01 (x) < 1/hx (or λ 01 (x) > 1/hx, respectively); this now yields the asserted formula forκ(iy).
It remains to establish (4.7). We examine several cases which depend on the locations of a, b ∈ ∂Σ. In each case we use Fact 2.4 and/or Lemma 2.3 to corroborate that λ ab (iy) ≤ λ 0i (iy). First, suppose a = 0; the case b = i is handled in a similar manner. Let v = y + |b − iy|. According to Facts 2.4(c) (and then (a)),
Next, suppose a (b) > 0; say both are positive. Pick the point, a or b, which has the smallest real part, say r, and reflect this point across the line (z) = r/2. Lemma 2.3 says that this will give us a larger value, and now we are back in the first case.
Third, suppose a = 0 and b = i are such that iy ∈ [a, b] . Rotating about iy we see that
where u = y − |a − iy| and v = y + |b − iy| .
Then two applications of Fact 2.4(a) produce 
On the other hand,
where t ∈ (1/e, 1/2) is the unique solution to x log(1/x) = k(1 − 2x).
Proof. Thanks to rotational symmetry it suffices to consider points z = |z| = x ∈ (0, 1). It is transparent that, for 1/2 ≤ x ≤ 1, the Apollonian circle through x with limit points 0 and 1 meets ∂D; an easy calculation confirms that this continues to hold for 1/3 ≤ x ≤ 1. Thus for these points, γ(x) = 0 and α(x) = ϕ(x)/k. For 0 < x < 1/3, the largest Möbius annulus in D * symmetric about C(x; 0, 1) will be tangent to ∂D at −1 and so we find that γ(x) = log[(1 − x)/2x]. This gives the formula for α(x). Now we determine ε(x) for x ∈ (0, 1/3). For boundary points a, b ∈ ∂D we have γ(·; a, b) ≡ 0 and so the largest of the values
2 )]. On the other hand, for a = 0 and b ∈ ∂D,
where r > 0 is such that rb ∈ C(x; 0, b) (so, r = x/(x + |x − b|)). It is easy to check that
It is straightforward to check that β(z) =γ(z) = 0 w h e n1 /2 ≤ |z| < 1, | log |z|| when 0 < |z| < 1/2, which establishes the asserted formula forα(z). To determineε(z) we note that γ(z; 0) = | log |z|| whereas for each a ∈ ∂D,γ(z; a) = 0. Using rotational symmetry we may assume that z = |z| = x ∈ (0, 1), and theñ ε(x) = 1/ min{k(1 − x), x(k + log 1/x)} which yields the given formula.
While we cannot determine either κ orκ for D * , we do have the following information. The origin is always an extremal puncture for κ, i.e., κ D * > κ D , but this is not the case forκ. Also, we do knowκ(z) for z near 0 as well as for z near ∂D.
Proof. To establish (a) it suffices to confirm that κ * D > κ D . By Möbius invariance, we may consider the upper half-plane H punctured at i and z = iy with y ∈ (0, 1). Start with any distinct a, b, c ∈ ∂H; maximizing λ abc (z) produces κ H (z) which we know how to calculate. Taking the point at infinity as one of the extremal punctures we find that κ H (z) = λ −aa (z) where a > 0 is such that |z − a| = 2a. Now we reflect the point at infinity across the circle ∂D(i; |a − i|) and appeal to Lemma 2.3 to produce a larger value, λ −aai (z) > λ −aa (z). It follows that κ H\{i} (z) > κ H (z).
Next we corroborate (b). Clearly for z ∈ D * sufficiently close to the origin, the origin must be an extremal puncture forκ (because for a, b ∈ ∂D, λ ab (0) is finite). E.g., for all a, b ∈ ∂D we have λ ab (0) ≤ 2, so there is an s > 0 such that for all where mod A(R) = 2 log R is the conformal modulus of A(R).
We can determine α andα for an annulus once we know γ and β. Both γ and β are zero at many points in an annulus, but γ is never identically zero whereas β ≡ 0 in any thin annulus having conformal modulus at most log 5. where t 1 = (3R + 1)/(R + 3) and t 2 = R(R + 3)/(3R + 1). (Notice that we always have 1 < t 1 < √ R < t 2 < (R + 1)/2.)
Proof. Thanks to rotational symmetry it suffices to consider points z = |z| = x ∈ (1, R). The computation for β(x) is straightforward and left to the reader. It is transparent that for (R − 1)/2 ≤ x < R, the Apollonian circle through x with limit points 1 and R meets ∂A; an easy calculation confirms that this continues to hold for t 2 ≤ x ≤ R. Thus for these points, γ(x) = 0 (and so α(x) = ϕ(x)/k). Similarly we have γ(x) = 0 for 1 < x ≤ t 1 (see Figure 5 ). For t 1 < x < t 2 , the largest Möbius annulus in A symmetric about C(x; 1, R) will be tangent to ∂A either at −1 or at −R, and this gives the asserted formula for γ(x). 
Proofs of main results
Here we present proofs of Theorem A and Corollaries B, C and D; see 5.4 and 5.B. First we discuss some general inequalities which hold among the metrics studied herein. Then we describe certain bilipschitz constants. We conclude by demonstrating that all six metrics studied here are quasiinvariant with respect to holomorphic covering maps.
5.A. The basic inequalities.
There is a general framework of inequalities which all our metrics satisfy. When Ω ⊂ C is a hyperbolic plane region, we also obtaiñ
Proof. There is a simple method to obtain a lower bound on the hyperbolic metric in any hyperbolic region Ω ⊂Ĉ. Fix a point z ∈ Ω. By Möbius invariance, we may assume that z ∈ C. If Ω contains the point at infinity, we must use a local coordinate there and remember that we are dealing with metrics. Let a, b, c be three distinct points in Ω c . Then Ω ⊂Ĉ abc , so domain monotonicity gives λ abc (z) ≤ λ Ω (z) .
Taking the supremum over all triples in the complement of Ω yields κ(z) ≤ λ(z).
As we mention in the Introduction, even if we can determine the extremal points a, b, c giving κ(z), we are then confronted with calculating (or estimating) λ abc . Fortunately, there is an explicit easily calculated lower bound for λ abc (z) which is obtained by making the change of variables w = [z, a, b, c] and then appealing to (see Remark 4.9(b)) we would find that for z ∈ D * , κ D * (z) = κ D (z) when t ≤ |z| < 1, λ 01 (|z|) when 0 < |z| ≤ t, where t ∈ (0, 1) is the unique point with λ 01 (t) =κ D (t).
In order to obtain κ in D * we first recall from Remark 4.9(a) that in D * we have κ(z) = sup |a|=1=|b| λ ab0 (z). A similar Möbius change of variables reduces this to determining the extremum sup |a|=1=|b| λ abt (0) now for t ∈ (0, 1). This naturally leads to another conjecture. Finally, since we can identify D * with H\{i}, knowledge of κ in D * would tell us κ(iy) for iy ∈ H \ {i} (with y ∈ (0, 1)) which in turn would yield κ in an infinite strip.
